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Abstract 



We consider cohomology of diagrams of algebras by Beck's approach, 
using comonads. We then apply this theory to computing the cohomology 
of vlZ-rings. Our main result is that there is a spectral sequence connecting 
£~H ■ the cohomology of the diagram of an algebra to the cohomology of the 

| underlying algebra. 

1 Introduction 

Algebraic objects such as groups, Lie algebras, associative algebras and commu- 
tative algebras have cohomology theories defined in its own way. For example, 
group cohomology was defined by Eilenberg-MacLane [TU] , Lie algebra cohomol- 
ogy was denned by Chevalley-Eilenberg [8] , associative algebra cohomology was 
denned by Hochschild [T3j, and commutative algebra cohomology was defined 
y^Q . by Andre pQ, Quillen [IB], and Barr [3]. In the 1960's it was found that all 

C*~) ' of these can be defined in one scheme. Here, we are going to use Barr-Beck's 

. approach, which is based on comonads. Let T : Sets — > 6ets be a monad. Then 

' one can consider the category of T-algebras, 2Ug(T), over the monad T, Let A 

be a T-algebra and M be an ^4-module, which by definition is an abelian group 
object in 2t[g(T)/A One defines the cohomology of A with coefficients in M, 
Hq(A, M), as follows. There exists a pair of adjoint functors: 

b : sets ; stifl(r) 

. P. , u 

where U is the forgetful functor. This adjoint pair of functors yields a comonad 
G = FU : 2t[g(T) 2Hfl(T). One can take the comonad resolution G*(A). One 
can then apply the functor Der(—, M). One can then define a cochain complex 
by taking the alternating sum of the induced maps, and then one can take the 
cohomology. This situation is very general, one would like to apply this in the 
case of A-rings and ^-rings. 

A -0-rings is a commutative ring R with identity 1 , together with a series of 
homomorphisms ijj n : R — > R, n > 1 such that V x 6 R and integers n,m > 1 
one has i) l (x) — x and ip n (ip m (x)) — ip nm (x). So a ip-ring can be thought of as 
a diagram of an algebra with the monoid of the natural numbers acting on R. 
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Recently, several authors have defined cohomology of diagrams of algebras. 
For instance, the cohomology of diagrams of groups has been considered by 
Cegarra 7J. Cohomology of diagrams of Il-algebras has been considered by 
Blanc, Johnson, and Turner [5] . Cohomology of diagrams of associative algebras 
was considered by Gerstenhaber and Schack [T32] . Cohomology of diagrams of 
Lie algebras was considered by Gerstenhaber and Schack [IT] . All of these 
cohomologies are defined in its own way and it is not clear how to make them 
as a particular case of one general theory. 

The first aim is to use the Bar-Beck approach to unify the cohomology of 
diagrams of algebras. Secondly, we would like to relate the diagram cohomology 
to the cohomology of the algebra using a local to global spectral sequence. 
Thirdly, we would like to apply the theory to the category of commutative rings 
to study the cohomology of V'-rings. 

Our approach to defining the cohomology of diagrams of algebras can be 
described as follows. First, fix a small category /. A diagram of algebras is a 
functor / — > 2Ug(T), where T is above a monad on sets. For appropriate T, one 
gets diagram of groups, diagram of Lie algebras, commutative rings, etc. 

One considers also the category Iq, which has the same objects as /, but 
only the identity morphisms. The obvious inclusion I G I yields the functor 
Qets 1 — > ©ets /o which has left adjoint (the left Kan extension). We also have 

the pair of adjoint functors 2l[g(T) 7 ~ ? Qtis 1 which comes from the adjoint 

pair 2Ug(T) j t gets • By gluing these diagrams, one gets another adjoint 
pair 

2U (T) 7 6 ets /o 

We will prove that SUj^T) 7 is monadic in Sets /o and the right cohomology 
theory of diagrams of algebras is one which is associated to the corresponding 
comonad. These cohomology theories are denoted by Hj(A, M). We will prove 
that the comonad cohomology is isomorphic to the ones considered in [7] and 
[5] by choosing appropriate T. 

The main technical element for studying Hj(A,M) is the local to global 
spectral sequence which can be described as follows. Let A : I — > 2Ujj(T) be a 
diagram of T-algebras and M is an A-module. In particular, for each i € I one 
has M(i) an yl(i)-module and for any arrow a : i — > j one can consider M(j) 
as an A(i)-module where A(i) acts on M(j) via the algebra homomorphism 
A(a) : A(i) — > A(j). This allows us to consider the cohomology Wg(A, M)(a) 
defined to be: 

HS(A(i),a*M(j)) 

In this way we get a natural system [4] on /. 

Our main result claims that there exists a spectral sequence: 

E p 2 q = H p BW (I, Hq(A, M)) => HI (A, M). 

where on the left hand side one uses the Baues-Wirsching cohomology of a small 
category with coefficients in a natural system. This spectral sequence is new in 



2 



almost all of cases and gives computational tools for diagram cohomology; even 
for diagrams of groups, diagrams of associative algebras, diagrams of II-algebras, 
etc. 



2 Prerequisits 

2.1 Baues Wirsching Cohomology 

For a small category X. The category of factorizations in I, denoted by TT, is 
the category with objects the morphisms /, <?, ... in X, and morphisms / — ► g 
are pairs (a, 0) of morphisms in £ such that the following diagram commutes: 




Composition in J-X is given by (a' , (3')(a, (3) = (a'a, /3j3'). A natural system 
of abelian groups on X is a functor from the category of factorizations to the 
category of abelian groups: 

D : TX —>■ 216 



There are natural functors: 



TX- 



■ X op x X ■ 



■ X 



x op >■ 1 

which allows one to consider any functor or bifunctor on I as a natural system 
on X. Following Baues- Wirsching |4J, one defines the cohomology Hg W (X, D) 
of X with coefficients in the natural system D as the cohomology of the cochain 
complex Cg W {X, D) given by: 

C n BW {X,D)= If D( a.\...a n ) 

a\...a n :i n — >... — >'Lq 

and the coboundary map 

d:C n BW {X,D)^C^(X,D) 

is given by: 

[df){a\... a„ + i) = (ai)*/(a 2 , a n +i) 

n 

+ ...,a>ja j+1 , ...,a„+i) 

i=i 

+ (-l) n+1 K +1 )*/(ai,-,a„) 
We will need the following well-known lemma later: 
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Lemma 2.1 Assume io € T is an initial object, and 
F : I — + Ab a functor. Then: 

F(*o) n = 
n > 



H Bwi X i F ) 



2.2 Base change 

Let £ be a category, and X an object in £. An X -module in £ is an abelian 
group object in the category <L/X. 

X - mod := Ab(£/X) 

Theorem 2.2 Lef / : X — > F 6e a morphism in <£., then there exists a base- 
change functor f* :Y — mod — > X — mod via pullbacks. 

Proof:. The functor we are going to use is /* : £/Y — ► £/X given by pullbacks: 

f*(M) » M 



f 



If M E Y — mod then f*(M) has a canonical A-module structure. In set- 
theoretic notation: 

f*{M) = {{x,m)\x EX, meM, f(x) = p(m)} 

f*(M) x x f*(M) = {(x,m,m')\x G X, m,m' G M, f(x) = p(m) = p(m')} 
f*(M) x x f*(M) ~ f*(M xy M) 
Consider the following commuting diagram. 

f*(M x Y M) ^ M x Y M 



mult 




The unique morphism f*(mult) : f*(M x Y M) — > f*{M) exists by the universal 
property of pullbacks. The isomorphism f*(M) x x f*(M) ~ f*(M x Y M) and 
this unique morphism yield multiplication: 

f*(mult) : f*(M) x x f*(M) -» /*(M) 

which gives an abelian group object structure on f*(M). □ 
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2.3 Derivations 



For M E X-mod, one defines a derivation from X to M to be a morphism 
c? : X — > M which is a section of the canonical morphism M — > X. Let 
Der(X, M) denote the set of derivations d : X — > M. We will require the 
following useful theorem later. 

Theorem 2.3 IfX = \[ aeI X a and M E X-mod, thenDer(X,M) = l\ a£l Der(X a , M a ), 
where M a is an X a -module by the base-change functor from the morphism 
i a : X a — > X . 



Proof:. From the definition of the coproduct one has a morphism i a : X a 
Using this one gets M a e X a -mod via the following pullback diagram. 



X. 



At- 



X 



X n 



Let / be a section of p, this means that pf = idx- Consider the following 
diagram: 




The diagram commutes since pfi a = idxi a — i a idx a - By the universal property 
of pullbacks p a f a = idx a ■ So if / is a section of p then f a is a section of p a . 

Conversely, let f a be a section of p a , this means that p a f a = idx a - By 
the definition of the coproduct there exists a unique / such that the following 
diagram commutes: 

M 




This means that fi a = j a f a . Composing with p on the left gives us that 
pfi a = pjafa = iaPafa = i a idx a = «q Thus the following diagram commutes: 



X 



X a 



X 
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The universal property of the coproduct says that pf = idx- Hence / is a 
section of p. □ 



2.4 Coequalizers 

Let /, g : a — > b be a pair in £, a coequalizer of < /, g > is an arrow u : b — > c 
such that: 

1. u/ = ug 

2. if /i : b — > d with /i/ = /ig, then there exists a unique h' : c d such that 
/i = /i'm: 



« 




u is called a spZit coequalizer of / and g if u is a coequalizer of / and g , and 
in addition there exists s : c — * b and t : b —> a such that us = 1 /t = 1, and 
gt = sti: 
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2.5 Comonad Cohomology 

Let £ be a category, and G =(G : € £, e : G -> Id, <5 : G -» G 2 ) be a 
comonad on C For an object X in €, the comonad gives rise to a functorial 
augmented simplicial object over X, which we denote by &*(X) — > X. The 
object of Q*(X) in degree n is G™ +1 (X), and the maps are ipi — G l eG n ~ l X : 
G n+1 (X) -► G"(X), and CTi = G 4 <5G"- 4 X : G rl+1 (A) -> G n+2 (X) for < i < n. 
X itself is in dimension —1 and the augmenting map is just e. 

>- s- Ge^ 

; G n X ; Qn-1 X ; ■ ■ ■ *~ — ^ X 
s- s- eG 

For any M G X — mod := Ab(€/X), one can apply the functor Der(—,M) 
and take the alternating sum of the induced homomorphisms to get the cochain 
complex whose cohomology is defined to be H^(X, M). 

A morphism / : X — ► Y in £ is called a G-epimorphism if the map 
Hom<t(G(Z),X) — > Hom<t(G(Z),Y) is surjective for all Z. We require the 
following useful lemma: 

Lemma 2.4 Sx > I isa G-epimorphism. 
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Proof:. For any map h : GZ — > A, we wish to find a map / : GZ — > GX such 
that fsx = h. We define / via the following commutative diagram: 



G ( GZ )^Lg(x) 



-^x 




Now we need to check that fsx 
diagram commutes: 



h. By the naturality of e, the following 




So ex is a G-cpimorphism. □ 

An object P of £ is called & -projective if for any G-epimorphism / : X — > Y, 
the map Hom<r(P, X) — ► Homtr(P,Y) is surjective. Later we will require the 
following lemmas: 

Example 2.5 For a// Z 7 G(Z) is G -projective. 

Lemma 2.6 TTie coproduct of G -projective objects is G -projective. 

Proof:. Let P = JT^ Pi where Pi is G-projective for all i. For a map 
/ : X — > y, one applies the functors Hom<r(P 7 — ) and Homc{Pi 1 ~ ) to get the 
maps /* : Hom € (P,X) -» Hom € (P,Y), /» : Hom € (Pi,X) -» Hom^P^Y). If 
/ is a G-epimorphism then /« is surjective for all i. Using the well-known lemma 
Hom<r (]J i Pi,Z) = FJ i Hom<r(Pi, Z) one gets that if / is a G-epimorphism then 
/* — Ili /** i s surjective. Hence P is G-projective if Pj is G-projective for all i. 
□ 



Lemma 2.7 ^4n object P is G-projective if and only if P is a retract of an 
object of the form G{Z). 

Proof:. A retract of a surjective map is surjective, so it is sufficient to consider 
the case P = G(Z), which is obvious from the definition of G-epimorphism. □ 

Lemma 2.8 H^(X, M) — 0, for p > provided X is G-projective. 

Proof:. From the previous lemma, it is sufficient to check this in the case where 
X = G(Z). In this case it is possible to construct a contracting homotopy. There 
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are maps s n : G n+2 — > G n+3 for n > —1 such that es_i = id, f/?n+is n = id, 
VoSo = S-i£, and ^iS n = s n —x<pi for all < i < n. 

s„ = G n+1 <5 

It follows that H^(G(Z), M) = 0, for p > 0. □ 
Lemma 2.9 M) = Der(X, M) for all X. 

3 T-algebras 

Start with an adjunction Sets — ^ £, and construct the monad T : Sets — ► Sets 
defined in €. Then one can consider the category of T-algebras, 2Ug(T), over 
the monad T. There exists an adjoint pair of functors: 

Sets : aifl(T) 

u 

where U is the forgetful functor. This adjoint pair of functors yields a comonad 
G = FU : 2Ufl(T) -> 2Hfl(T). There exists a unique functor if : £ -> 2Ug(T). If 
if is an equivalence of categories, then one says that G is monadic. 

Theorem 3.1 (Beck's Theorem [14j) The following are equivalent: 

1. The comparison functor K : (£ — » 2tlg(T) is an equivalence of categories. 

2. If f,g is any parallel pair in £ for which Uf, Ug has a split coequalizer, 
then £ has a coequalizer for f, g, and U preserves and reflects coequalizers 
for these pairs. 

Fix a small category I, one also considers the category Iq, which has the same ob- 
jects as i, but only the identity morphisms. The obvious inclusion Iq C I yields 
the functor Sets 7 — > Sets /o which has left adjoint (the left Kan extension). Let 
T : Iq — > Sets be a functor, then the left Kan extension Lan(T) : I — ► Sets 
is given by Lan(T)(i) — IJ_,j F(x). We also have the pair of adjoint functors 

VilgiT) 1 l i Sets 7 which comes from the adjoint pair 2t[g(T) ; S Sets ■ 
By gluing these diagrams, one gets another adjoint pair 

m 5 (Ty S ets /o 

This adjoint pair of functors yields a comonad Gj = FjUi : 2Ug(T) 7 — > 2Ug(T) 7 . 
If A : I -> 2Ug(T), then 

= ]J G(ar) 

a; — >i 

Lemma 3.2 i/G is monadic, then Gj is monadic. 
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Proof:. Assume G is monadic and consider a parallel pair /, g in £ 7 : 



F : 



If there is a split coequalizer in X as follows: 



UF\ 



UT- 



W 



then by theorem 13.11 for each i £ I, one has that q(i) is a coequalizer of the 
following: 

Uf(i) 

UF{i) r UT(i) 

Ug(i) 

Hence by theorem 13. II there exists Z(i), h(i) in <t with : 

/(*) h(i) 

such that UZ{i) = W(i) and Uh(i) = q(i). In fact Z is a functor For 
a : i —> j one considers the following commuting diagram for (a : i — ► j) € 7: 

/W h(i) 



F(a) 



s(i) 



90)' 



T(a) 



Since the coequalizer is universal, this means that there exists a unique map 
Z(a) : Z(i) — » which commutes with the above diagram. One can check 
that Z is indeed a functor. □ 

Lemma 3.3 For all objects Z in £, and for A £ G(Z) — mod, one has 

Der(G{Z),A) = {s e &tts{UZ, U A)\U{-k)s = j uz ■ U{Z) -> UFU(Z)} 
where tt is the canonical morphism tt : A — > G(Z) 

Proof:. From the definition of F, U being an adjoint pair, one gets that: 

Hom mam (F(X),Y) = Hom 6ct ,(X,U(Y)) 
Setting X = U{Z) and Y = FU{Z) we get the following: 

Hom ms{T) (FU{Z),FU(Z)) = Hom etls (U(Z),UFU(Z)) 
From this it can be shown that 

Der{G(Z),A) ={s£ &tts{UZ, UA)\U(tt)s = j uz : U{Z) -> UFU(Z)} 



□ 
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4 Cohomology of diagrams of algebras 

In this section, let € denote the category of sets, and I denote a small category. 
£ is a category with limits. We require the following useful theorem. 

Theorem 4.1 Let A : I — > € be a functor, and M G A-mod := Ab^ 1 /A) where 
C 1 is the category of functors. If (a : i — > j) G I, then M(j) G A(j) — mod and 



defines a natural system on I. 

Proof:. Start by fixing A and M, then let D(a) denote Dtx{A,M){a). Let 
7, a, (5 G I such that: 

l' *- I *- J f 

We are going to show that: 



Let s G D(a), then the following diagram commutes with ps — idA(i), an d 
a*M(j) is a pullback; a*M(j) G A(i) - mod. 



Dtr(A,M)(a) = Der{A{i),a*M(j)) 
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D(a) 



D(fia) 



a*M(j) 



- M(j) 



S 



P 



A(i) 



A(a) 



Consider the following commuting diagram: 
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M(f) 



A(a) 



A(0) 



Let s' : A(i) — > a*{3*M(j') be the map s' = ts. If we let s G D(a), this means 
that ps = id,A(i) ■ Hence 

p'rs =ps = id A (i) 

Hence s' G Der(A(i),a* f3*M(j')) = Der(A{{), (J3a)* M(j')). 

Consider the following commutative diagram, with s a section of p. 



(«7)*M(j) 



• a*M(j) 



■M(j) 



Mi) 



A(i) 



A(a) 



A(j) 



A(i') - 

There exists a unique s' : A(i') — > (a-f)*M(j) which is a section of p' which 
would make the above diagram still commute. Therefor s' G Der(A(i'), (a-f)*M(j)). 
□ 

Let G be a comonad in £. Let A : I — > £ be a functor, and M G ^4-mod. 
Then we can construct the following bicomplex denoted by C*'*(I, A, M): 

C p ' q (I,A,M)= fl Der(G q+1 (A(i)),M(k)) 

i — >...— >i p 

The map C p > q {I,A,M) -» C p+1 '«(7, A, M) is the map in the Baucs-Wirsching 
cochain complex, and the map C p ' q (I, A, M) ->■ CP^+^I, A, M) is the coprod- 
uct of maps in the comonad cochain complex. 
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Ui Der{G*(A{€)), M(i)) IL^ Der(G*(A(i)), M(j)) ^ Ui^k Der(G 3 (A(t)), M{k)) 

II, Der{G 2 (A(i)), M(i)) Ui^j Der(G 2 (A(€)), M(j)) ^ Ui^k Der(G 2 (A(i)), M(k)) 

IL Der(G(A(i)), M(i)) Hi^ Der(G(A(i)),M(j)) ^ Ui^k Der(G(A(i)),M(k)) 



We let H* (I, A, M) denote the cohomology of the total complex of C*'* (I, A, M) . 
We will need the following useful lemmas: 

Lemma 4.2 If A is Gj -projective, then A(i) is G -projective for all i £ I. 

Proof:. Consider A = Gi{Z) : J — * £ where G 1(A)(1) = JJ^ G(A(x)). Since 
G(A(x)) is G-projective, it follows that G(A(x)) is G-projective for all 

i E I. □ 

Lemma 4.3 H°(I, A, M) — Det(A, M), furthermore, if A is Gi-projective then 
H n (I,A,M) = for n > 0. 

Proof:. It is sufficient to consider the case when A — Gi(Z). When A — Gi(Z), 
it is known that A is G/-projective. By theorems 14.21 and 12. 8( one gets that the 
vertical columns in our bicomplex are exact except in dimension 0. There is a 
well known lemma for bicomplexes which tells us the cohomology of the total 
complex is isomorphic to the cohomology of the following chain complex: 



It is known that the cohomology of this cochain complex is just Hg W (I, Qex(A, M)). 
To prove the first statement it is enough to show that 



is exact. Let ip G Yii Der(A(i),M(i)) and (a : i — ► j) G /, then dip (a : i — > j) = 
a»ip(i) — a*ip(j). Therefore dip(a : i — > j) = if and only if a*ip(i) = a*ip(j). 
However a*ip(i) = a*ip(j) if and only if M(a)tp(i) = ip(j)A(a), i.e. the following 
diagram commutes: 



UiDer(A(i),M(i)) 



Ui^De^A^MU)) 



-> ®tv(A, M) -► J[ Der(A(i), M(i)) -> ]~[ Der(A(i), M(j)) 




A(i) 



M(i) 



A( a ) 



M(a) 



M(j) 
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Hence tp € Dtt{A,M). This tells us that the sequence above is exact. Hence 
H°(I, A, M) = Det(A, M). 

To prove the second statement, let us consider 

D(a : i-f j) : = Det(A(i),a*M(j)) 

= Der( ]l GZ(y),a*M(j)) 

= Yl Der(GZ(y),0*a*M(j)), by lemma 

0:y->i 

Define D y for a fixed object t/ G / to be a natural system on / (using theorem 
14. ip given by: 

D y {a;i^j)= II Der(GZ(y),0*a*M(j)) 

0:y->i 

So one has that: 

D(i^j) = l[D y (i^j) 
y 

Hence, 

H* BW (I,D) = l[H* BW (LD y ) 

y ei 

Now consider the cochain complex C BW (I, D y ): 



C* BW (I, Dy) = Dy(l - i) IL:^ ^ 3) ■ ■ ■ 

= EE* Yi^i Der(GZ(y),P*M(i)) ^ IL^ Up-.y^ Der(GZ(y), (3*a*M(j)) 

UZ(y) forms a basis of the free object GZ(y), applying lemma [3~3l one can 
rewrite the cochain complex as: 



where Apj/ m ) = preimage of Pj(m) in the projection M(J) — > GZ{j). This 
allows us to rewrite the cochain complex as 

C* BW (I,D y )= J] C BW (y/I,F m ) 

m£UZ(y) 

where F m : y/I — > Ab is a functor defined by F m (/3 : y — > i) = A/3j( m ) 

Since the category contains an initial object (ic^ : y — > y), so by lemma 
12. li the cohomology vanishes in positive dimensions. □ 



Theorem 4.4 H^A.M) = H*(I,A,M) 
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Proof:. We are going to show that: 



H*{C'{I, A, M)) ~ H*{Tot{C*(I, Gi{A),M))) ~ i?*(C^ (A, M)) 

Start by considering C'{I, G^(A), M). Since Gj(A) is G/-projective, it fol- 
lows that 

jwu^iiw -{*****»- ^L, 

Hence by lemma if* (G* (I, j4, M)) ~ H*(Total(C*(I, Gi(A), M))). 

Now let us consider G p < 9 (7, G/(A), M) = rL ^...^ Xp £»er(G« +1 (GJ(A)(x )), M(a 
One has that GJ(A) — » A, which is an augmented simplicial object and one can 
apply the functor Ui to get: UiG*j(A) — > Ui(A) which is contractible in (6ets /o ). 
Then one can apply the functor Fj to get GiGJ(A) — > G/(A) which is con- 
tractible in 2Ug(T). Hence G? +1 GJ(A) -» G| +1 (A) is contractible in 2Ufl(T). 
Applying the functor Ser(— ,M), one gets a contractible cosimplicial abelian 
group. Hence H*(Tot(C (I, Gi{A), M))) ~ H*(Cq i (A, M)). □ 

Now one has both a global cohomology, ffg (A, M), and a local cohomology, 
H*(A(i), M(i)). One can ask how these two are related; the answer is given by 
by the local to global spectral sequence: 

E p 2 q = H* BW (I,H*(A,M)) => Hg*(A,M). 

where TL q (A, M) is a natural system on / whose value on (a : i — > j) is given 
by H«(A(i),M(j)). 



5 Applications 

5.1 ^-rings 

As an example of the general theory, one can consider ^-rings. A ^-ring is a 
commutative ring R with identity 1, with a sequence of ring homomorphisms 
^> n : R — >■ R, n > 1 satisfying Va; G R, and integers n,m > 1. 

1. * x (a;) = ir 

2. ^"(^ m (j;)) = m nm (x) 

So to know 'J'-rings it is sufficient to know \E ,P , for p prime such that for all 
primes p, q, ^p^i = tyityP. 

If R is a Vt-ring, M is a ^-module if M is an i?-module together with a 
sequence of homomorphisms \& n : M — ► M such that for all m G M, r E R. 
l,n > 1: 

1. ^(m) = m 

2. $"(rm) = *™(r)* n (m) = *™(m)*"(r) 
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3. tf n (tf'(m)) = ^ nl (m) 

We let _R-mod3, denote the category of all ^-modules over R. 

Let R be a 'J'-ring, M e i?-mod>i, then the semidirect product of the under- 
lying ring and module, R x M, together with maps: \& l : R x M — > R x M for 
i > 1 given by: 

is a *-ring. We call this the semi-direct product of i? and M, denoted by i?x^M 
We define a ^-derivation is a ^-module homomorphism d : R — > M such 
that Vr,r' e i?,Vn > 1: 

d(rr') = rd(r') + d(r)r' 

*™(d(r)) = d(*"(r)) 

We let Dens,(R, M) denote the set of all ^-derivations d : R — > M. One would 
expect the following theorem: 

Theorem 5.1 There is a one-to-one correspondence between the sections of 
R x^, M — ^-s- _R and the ^-derivations d : R — > M 

Proof of theorem. Assume we have a section of n, then: 

i? X q, M , * R 

an = idji, so a(x) = (x, d(x)) for some d : R — ► M. 

d(z + y) = d(x) + d(y), d(xy) = d(x)y + xd(y) 

follow from a being a homomorphism of \t-rings. a preserves the ^P-ring struc- 
ture, meaning that ^f l a(x) — a^ l (x). 

*V(sc) = &(x,d(x)) = (^ i (x),^ i (d(x))) 

a^(x) = (^(x),d(^ l (x))) 

Hence *V(x) = a^(x) if and only if * 4 d(x) = d* 4 (x). This tells us that if a 
is a section of n, then we have a ^-derivation d. 

Conversely, if we have a ^-derivation d : R — > M, then cr(x) = (a;, d(x)) is a 
section of 7r. □ 

We now construct the free ^-ring on one generator a. Let A be the free 
commutative ring generated by ao, (Xi, a,2, ■■■■ Since there are countably infinitely 
many primes, it is possible to label them with the natural numbers. Set ao = a, 
and a, = ^ p (a), where p is the i th prime, for igN. Then A is a vf-ring. 

More generally, we can construct a free ^P-ring on generators a, b, c, ...n. We 
let R be the free commutative ring generated by ao, ai, feo, c o, Ci, no, ni, 

Set ao = a, bo — b, c = c, . . ., n = n, and a, = \I/ P (a), bj = v E' p (6),c i = v E' p (c), 
. . ., rij = \I/ P (n) where p is the i th prime, for i > 1. Then i? is a *-ring. 
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There is a forgetful functor U : 'I'— rings — * Gets from the category of 
^P-rings to the category of sets. This has the left adjoint F : Gets — > , 3 / — rings, 
where F(S) is the free ^P-ring generated by S G Sets. Hence there is an adjoint 
pair of functors: 

F 

6ets , rings 

u 

where U is the forgetful functor, and F is the free functor. The adjoint pair of 
functors yields a comonad G = FU : ^P— rings — » ^P— rings which is monadic. 

Let N muit denote the multiplicative monoid of the natural numbers, and 
let / denote the category with one object associated to N mui *. Then one can 
consider ^-rings as diagrams of algebras being functors from / to the category of 
commutative rings, Com. rings. So \t-rfngs are diagrams of algebras with f$ mult 
acting on R a commutative ring with identity. Hence we can use the theory 
which we developed in the previous section. 

It is well known that there is an adjoint pair of functors: 

F 

6ets ~ Com. rings 

u 

This gives rise to a comonad G = FU : Com. rings — > Com. rings which is monadic 
and the cohomology with respect to this monad is known to be Andre-Quillen 
cohomology. Now we can define a new comonad Gi(A)(i) — Ux^i G(A(x)) 
on Com. rings = ^P— rings. Using the bicomplex C*'*(J, A, M) described in the 
previous section, we can define cohomology of ^t-rings. If R : W nult — > Com. rings 
is a \l/-ring and M is an i?-module, then for any n > 0, there is a natural system 
on W nult as follows: 

D f :=H2 Q (R,Mf) 

where is an i?-module with M as an abelian group with the following action 
of R: 

(r,o) ' ^ * n (r)*" (a), for r G R,a G M 

For u G N mulf , we have u* : Df —> D uf which is induced by : — > M uf . 
For v G E mult , we have v* : Df — ► Df v which is induced by : R -> R. 
There exists a spectral sequence: 

El* = H p BW (N mult ,H\ Q (A,M)) Hl + %A,M). 

where H^(A, M) denotes the cohomology of ^/-rings as it is defined via comon- 
ads. 

5.2 Il-algebras 

A n-algebra is a graded group equipped with the action of primary homotopy 
operations modeled on the homotopy groups of a space. Dwyer and Kan [9] 
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defined the Quillen cohomology of II-algebras, which we denote by H^ K (A, M). 
Blanc, Johnson, and Turner [6 , defined the Quillen cohomology of diagrams 
of II-algebras, which we denote by H B JT (A, M). However, it is known that 
Quillen's and Beck's approaches yield the same cohomology. 

An application of our main result is that there exists a spectral sequence: 

E p 2 q = H BW (I,W DK (A,M)) C(AM). 

where Ti. BJT (A, M) is the natural system on / whose value on a : i — > j is given 
by H* DK (A(i),a*M(j)). 

If we let / be the small category with two distinct objects 0, 1 and one 
non-trivial map — ► 1, then our spectral sequence yields corollary 4.27 in [6]. 

5.3 Diagrams of groups 

In the paper by Cegarra [7], the cohomology of diagrams of groups is described, 
which we denote by Hq(G,A). There is also described the following spectral 
sequence: 

Let / be a small category. If G : I — » Gp is an /-group and A is a G-modulc, 
then for any n > 0, there is a natural system on I as follows: 

( H n (G(u),A(v)) ifn>2; 
H n (G,A) : TI — > Ab, u—^-v^i Der{G(u), A(v)) if n = 1; 

[ 0, if n = 0. 

Then there is a natural spectral sequence: 

E p 2 ' q = H BW (I,W +1 (G,A)) H p c +C ' +1 (G,A) 
where TC q+1 (G, A)) is the natural system on / as described above. 
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